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AHAJ1HTHHECKA5I KJ1ACCH<X>HKAH;H5I OCOBEHHOCTEH 
OBOBmEHHOrO BOJ1MKA KOBAJ1EBCKOH0 

B saflane o p^wxenwa BOJiHKa KoBajieBCKOii b abohhom nojie (cjiyHaft iiHTerpiipyeMOCTH A. T. PeftiviaHa- 
M. A. CeMeHOBa-TaH-lIIaHCKoro) BbiHHCjieH thii Bcex kphthhcckhx tohck OTo6pasKeHHH MOMeHTa. 

KAwueeue cAoea: HHTerpHpyeMbie raMHjiBTOHOBBi chctgmbi, OTo6pajKGHiie MOMeHTa, 6iKpypKapHOHHafl flia- 
rpaMMa, ran HeBBipojKfleHHOfi oco6eHHOCTH. 

BBefleHHe 

3aflana o ^BHHceHHH BOJiHKa KoBajieBCKOii b abohhom nojie chji onncbiBaeTCH ypaBHeHHHMH [1] 

2u>\ = uj 2 uj 3 + @3, «i = "2W 3 - a 3 uj 2 , $1 = (3 2 uj 3 - uj 2 /3 3 , 

2uj 2 = -ujiuj 3 - a 3 , a 2 = ujia 3 - uj 3 ai, (3 2 = wi/3 3 - w 3 /3i, (1) 

dj 3 = a 2 -f3i, a 3 = aiuj 2 - a 2 ui, /3 3 = fi\w 2 - fo^i- 

3/i,ecb u — BeKTop yrjioBoit ckopocth, a, (3 — HanpHHceHHOCTH chjiobbix nojieft. B pa6oTe [2 J no- 
Ka3aHO, hto 6e3 orpaHHHeHHH o6ihhocth cnjioBbie nana mojkho CHHTaTb B3aiiMHO opToroHajibHbiMH. 
Topaa reoMeTpHHecKHe HHTerpajibi CHCTeMbi ([1]) 3anHinyTCH b BH/i,e ( a ^ b ^ ) 

\a\ 2 = a 2 , \(3\ 2 = b 2 , a -{3 = 0. 

Ha 3a,naHHOM 3thmh ypaBHeHHHMH MHoroo6pa3HH "P 6 C M 9 (u;, a, (3) cko6kh IlyaccoHa, HHnyHHpo- 
BaHHbie CKo6KaMH Jln-IIyaccoHa Ha Koajire6pe Lg [1], HeBbipoHc^eHbi, h CHCTeMa ([1]) raMHjibTOHOBa 

C TpeMH CTeneHHMH CBC>6o,Z];bI C raMHJIbTOHHaHOM 

H = -{2u\ + 2u 2 + wf ) -a x - fa. 

Ilpn 6 = cucTeMa ([1]) onncbiBaeT flBH»ceHHe TBep^oro Tejia b nojie chjibi thjkbcth npn ycjioBHHX 
C.B. KoBajieBCKOii Ha pacnpeflejiemie Mace, a npn a = b — cjiynali X. M. 51xbH [3]. 3th npenejib- 
Hbie 3HaneHHH oGjia^aioT rpynnolt CHMMeTpiili h cbohhtch k ceMeltcTBy HHTerpnpyeMbix chctcm c 
flByMH CTeneHHMH CBo6onbi. ^ajiee npe/niojiaraeTCH, hto a > b > (HenpHBonHMbiii cjiynali). ,3,jih 
cc-KpameHHH 3anncH Hcnojib3yroTCH TaKsce o6o3HaHeHHH p 2 = a 2 + b 2 , r 2 = a 2 — b 2 . 

CpyHKHHH 

K = (wf - wf + ai - /3 2 ) 2 + (2wia;2 + a 2 + /?i) 2 , 

G = [uJiai + w 2 a 2 + 2" a 3^3] + [wiPx + u 2 f3 2 + \fi 3 uj 3 \ + 

+ a; 3 [(a 2 f3 3 - a 3 (3 2 )uji + (a 3 /3i - ai/3 3 )w 2 + |(«i^2 - a 2 Pi)uj 3 ] - 

- a\b 2 - (3 2 a 2 

BMecTe e H o6pa3yioT Ha V e noimbiH hhbojhothbhmh Ha6op HHTerpajioB CHCTeMbi ([1]) . HHTerpajibi 
K h G yKasaHbi b [T] h [3]. 

Onpe^ejiHM HHTerpajibHoe OTo6pajKeHHe T : "P 6 — > M 3 , nojiaran J-(x) = (G(x), K(x), H(x)^ . 
OTo6pajKeHHe T npHHHTO Ha3biBaTb omodpaMcenueM MOMenma. 

1 Pa6oTa BbinojiHeHa npn (J)hh<ihcoboh noflflepjKKe POOH (rpaHT 10-01-00043). 
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06o3HaHHM Hepe3 /C COBOKynHOCTb BCeX KpHTHHeCKHX TOHeK OTo6paJKeHH3 MOMeHTa, TO eCTB 
TOHeK, B KOTOpblX rkdj 7 (x) < 3. MHOJKeCTBO KpHTHHeCKHX 3HaneHHH £ = F(K) C M 3 Ha3bIBaeTCH 

6ucpypKav ) uoHHOu duazpaMMoil. Mhojkbctbo /C mojkho CTpaTHCpHHHpoBaTb paHroM OTo6pajKeHHH 
MOMeHTa, npe^cTaBHB b BH^e o6 r bejiHHeHHH /C = /C°U/C 1 U/C 2 . 3jj,ecb K, q = {x £ "P 6 | rkdJ 7 ^) = q}, 
a tohkh H3 K, q Ha3biBaioTCH KpHTHHecKHMH pama q. B cooTBeTCTBHH c 3thm h jinarpaMMa £ 
CTaHOBHTCH KjieTOHHbiM KOMnjieKCOM S = E° U S 1 U S 2 . C flpyroft CTopoHbi, Ha npaKTHKe 6h- 
cpypKainioHHbie /nrarpaMMbi onncbmaioTCH b TepMHHax HeKOTopbix noBepxHOCTefi b npocTpaHCTBe 
KOHCTaHT nepBbix HHTerpajioB. YpaBHeHHH sthx noBepxHOCTen (HeaBHbie hjih napaMeTpnnecKHe) 
3anacTyio mojkho nojiynnTb jj,a>Ke He bmhhcjihh caMHX KpHTHnecKnx ToneK, KaK JiHCKpHMHHaHT- 
Hbie MHOJKecTBa HeKOTopbix MHoroHjieHOB (HanpHMep, hcxo/xh H3 oco6eHHOCTeii ajire6paHnecKnx 
KpHBbix, accon,HHpoBaHHbix c npeflCTaBjieHHHMH Jlaxca). TaKHe noBepxHOCTH 6ya,eM o6o3HannM ne- 
pe3 Tj. Tor^a KpHTHnecKoe MHOJKecTBO /C OKa3biBaeTCH oG^e/niHeHHeM ecTecTBeHHbiM o6pa30M 
B03HHKaiomHX HHBapnaHTHbix MHOJKecTB Mi = K, Pi F~ l {V i) . Ecjih noBepxHOCTb Ti 3anncaHa pe- 
ryjiapHbiM ypaBHeHHeM (pi(g,k,h) =0, to Mi onpe^ejiHTCH KaK MHOJKecTBO KpHTHnecKnx ToneK 
HHTerpajia (j>i(G, K, H), jiejKannix Ha ero HyjieBOM ypoBHe, a BbiHHCjieHHbie b TOHKe Mi KOMnoHeH- 
tm rpa/nreHTa cpyHKiniH 0j b noflCTaHOBKe 3HaHeHHit HHTerpajioB G, K, H flajxyT KoscpcpHHHeHTbi 
paBHoii Hyjuo jinHenHoli KOM6nHaHHH j^ncpcpepeHnnajioB dG, dK, dH. B TOHKe TpaHCBepcajibHoro 
nepeceneHHH JiByx noBepxHOCTefi Ti n Tj naiiynHM ppe He3aBHCHMbie paBHbie Hyjuo KOM6nHaii,HH, 
no3TOMy b TOHKax cooTBeTCTByiomero nepecenemiH Mi D Mj paHr T paBeH 1. OneBH/jTio, hto 
tohkh TpaHCBepcajibHoro nepeceneHHH Tpex noBepxHOCTeii (yrjibi GncpypKaHHOHHOH /rnarpaMMbi) 

OKa3bIBaK>TCH nopOJK^eHHblMH TOHKaMH C yCJIOBHeM rk T = 0. MHOJKeCTBa Mi C HHJjynHpOBaHHOH 

Ha hhx flHHaMHKoft flajiee Ha3biBaeM KpumuuecKUMu nodcucmeMaMu. 

KpHTHHecKHe noflCHCTeMbi h ypaBHeHHH noBepxHOCTefi Tj b paccMaTpHBaeMoft 3aflane HaftfleHbi 
b pa6oTe [2]. no;xpo6Hoe onncaHHe CTpaTncpHKannn KpnTHnecKoro MHOJKecTBa no paHry OTo6pa»ce- 
hhh MOMeHTa H3jio»ceHO b [5] • TaM JKe b BH^e aBHbix HepaBeHCTB yKa3aHbi o6jiacTH cymecTBOBaHHH 
flBHJKeHHH Ha noBepxHOCTHX Ti — MHOJKecTBa Sj, cocTaBjunomne 6HcpypKan,noHHyio jinarpaMMy. 
KaK cjie^cTBHe nocTpoeH araac Bcex ceneHnft jjriarpaMMbi £ njiocKOCTHMH nocTOHHHolt SHeprnn, 
to ecTb Halt/i,eHbi Bee 6n(pypKaH,HOHHbie flnarpaMMbi £(/i) OTo6pa»ceHHH GxK, orpaHHneHHoro Ha 
H303HepreTHHecKHe noBepxHOCTH {H = h} C V e . 3thx pe3yjibTaTbi b Heo6xo/i;HMOM 3/i;ecb o6T.eMe 
npHBefleHbi HH>Ke. 

KpHTHHeCKHX nOflCHCTeMbl OKa3bIBaK)TCH HHTerpHpyeMblMH raMHJIbTOHOBBIMH (nOHTH BCIOfly) 

CHCTeMaMH c hhcjiom CTeneHefi CBoGo^bi MeHbHiHM Tpex. ^jih hhx, b cbok) onepe^b, onpe^ejieHO 
HH/i,yii;HpoBaHHoe OTo6pa»ceHHe MOMeHTa. OnncaHHe KpnTHnecKHX mhojkbctb n 6ncpypKaH,HH enympu 
KpHTnnecKHx noflCHCTeM nojiyneHo b pa6oTax |6j , |7] , . OflHaKo KjiaccncpHKainiH ToneK MHOJKecTBa 
K, no OTHonieHHK) ko Bceii cncTeMe c TpeMH CTeneHHMH CBo6o,a;bi Ha V e He npoBo^njiacb. B ^aHHon 
pa6oTe nccjie/ryeTCH ran HeBbipoJKfleHHbix oco6eHHOCTeit nojmoro OTo6pajKeHna MOMeHTa. 

HanOMHHM nOHHTHe HeBbipOJKfleHHOH OCo6eHHOCTH [9] npHMeHHTejIbHO k cncTeMe c TpeMH CTe- 

neHHMH CBo6o,z];bi. IlycTb x — KpnTHnecKaa TOHKa paHra q ^ 2 OTo6pa»ceHHH MOMeHTa Ha V e . 
Ecjih OHa HBjiaeTCH KpnTHnecKolt tohkoh HeKOToporo HHTerpajia </?, to jiHHeapH3an,HH BeK- 
TopHoro nojiH sgrad(^ b TOHKe x HBJiaeTCH 3jieMeHTOM OTOJKflecTBjiHeMOH c sp(6,M) ajire6pbi 
Bcex CHMnjieKTHnecKHX onepaTopoB b KacaTejibHOM npocTpaHCTBe T X V 6 . 3aMeHofi Koop/niHaT b 06- 
pa3e oTo6pa»ceHHH MOMeHTa /i;o6beMCH toto, hto TOHKa x 6yn,eT kphthhcckoh jjjih nepBbix 3 — q 
KOMnoHeHT Qj OTo6pa>KeHHH MOMeHTa n peryjinpHoii jjjih ocTaBHinxca q. PaccMOTpHM b T x V 6 iior- 
npocTpaHCTBO W, HaTHHyToe Ha sgrad g± , . . . , sgrad^-g, h ero KocoopToroHajibHoe flonojmeHne 
W. Torfla W C Ker 9j . h Imi 9j C W. Ha cpaKTopnpocTpaHCTBe W' /W HHjxyHiipyeTCH CHMnjieK- 
THnecKaa CTpyKTypa, a onepaTopbi A g . \ w /w hbjihkitch 3jieMeHTaMH ajire6pbi JTh sp(2(3 — 
06o3HannM nepe3 A(x, J-) nopojK^eHHyio hmh KOMMyTaTHBHyio no^ajire6py. 

Onpe^ejieHHe 1. KpHTHnecKaa TOHKa x S K, q OTo6pajKeHHH MOMeHTa J- Ha3biBaeTCH neeu- 
poMcdenHou pama q {nopama 3 — q), ecjin A{x,J-) — no,a;ajire6pa KapTaHa b sp(2(3 — q), IR). 

Ha npaKTHKe /jjih npoBepKH KapTaHOBOCTH Heo6xoflHMO HaiiTH yKa3aHHyio 3aMeHy b o6pa3e T 
n y6e/i;HTbCH b BbinojiHeHHH cjieflyiomnx ycjioBHn: onepaTopbi A g . (j = 1, . . . , 3 — q) jiHHenHO 
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He3aBHCHMM, hbhx jiHHeHHOH o6ojiOHKe HaiifleTCH onepaTop A, y KOToporo 2(3 — q) co6cTBeHHbix 
3HaneHHH pa3jiHHHbi (HH/ryinipoBaHHbiH hm onepaTop b A(x, J 7 ) Ha3biBaeTCH pezyjinpnuM 3JieMen- 
mojvi). 

H3BecTHO, hto co6cTBeHHbie HHCJia CHMnjieKTHHecKoro onepaTopa pa36iiTM Ha rpynnbi Tpex ra- 
noB — napbi BH^a ±i/z (penrp, sjijinnTHnecKHH ran), (ce/yio, rHnep6ojinnecKHH ran) n neT- 
BepKH ± i/i2 (cpoKycHan oco6eHHOCTb) , r^e fj,, ^1,^2 G K n /ljih peryjinpHoro 3jieMeHTa Bee 
ohh OTjinnHbi ot Hyjin. 3/i;ecb n ,a;ajiee i — MHHMaa e/pmnna. KojinnecTBO sjieMeHTOB b KajKfloft 
TaKoii rpynne o6o3HannM cooTBeTCTBeHHO nepe3 mi, 1112, . J^Jin HeBbipoJK,n,eHHOH KpnranecKon 
tohkh paHra q HMeeM m\ + 1712 + 2m3 = 3 — q. HeraepKa (q, mi, ni2, m^) Ha3biBaeTCH ranoM 
HeBbipoJKfleHHon KpHTnnecKon tohkh. Ilocjie Toro KaK ran KpnranecKOH tohkh onpe^ejieH, cjioe- 
Hne JlnyBHjuiH b ee OKpecTHOCTH fljra BemecTBeHHO-aHajiHranecKHX cncTeM OKa3biBaeTCH jioKajibHO 
CHMnjieKTOMopcpHO HeKOTopoMy Mo^ejibHOMy cjioeHHro (no/;po6Hocra CM. B [9]). 

IlepefifleM k onncaHHio KpnranecKnx ToneK o6o6meHHoro BOJinxa KoBajieBCKoii. 

§ 1. KpHTHiecKHe tohkh paHra 

Oco6eHHOCTb HyjieBoro paHra npe^nojiaraeT, b nacraocra, paBeHCTBO dH = 0, hto bo3mojkho jihhib 
b HenoflBHJKHbix TOHKax raMHjibTOHOBoii cncTeMbi. 3flecb hx poBHO neraipe: 



ynopHflOHHM Cfc no B03paCTaHHK> h. 

B pa6oTe |10] HafyjeH HH/i,eKC Mopca raMHjibTOHHaHa H b HenoflBHJKHbix Tonxax, hto b 3Ha- 
HHTejibHofi Mepe onpe^ejiaeT xapaKTep noBe^eHHH cncTeMbi b hx OKpecraocra. O^HaKO CTporaa 
KjiaccH(pHKan,HH Tpe6yeT yKa3aHHH THna 3thx ToneK KaK KpnranecKHX ToneK OTo6pa>KeHHH MOMeH- 
Ta. 

Teopeivia 1. Tohku (k = 1,...,4) Hejittmmcn neeupootcdeHHUMU oco6eHHOcmnMU pan- 
za omo6pa^iceHun MOMenma T. IIpu amoM c\ UMeem mun (0,3,0,0) (v ) eHmp- , u t e'Hmp-ti t eHmp) , 
C2 — mun (0,2,1,0) [v^eHmp-uenmp-cedAo) , C3 — mun (0,1,2,0) {v^enmp-cedjio-cedno) , C4 — mun 
(0,0,3,0) (cedjio-cedjio-ced/io) . 

,HoKa3aTejibCTBO. He3aBHCHMOCTb onepaTopoB Ah, Ak,Aq, nojiyneHHbix jiHHeapn3a- 
n,Heit nojieit sgradi/, sgrad-KT n sgradG b TOHKax ([2]), jierKO npoBepaeTCH Henocpe^cTBeHHO b 
npocTpaHCTBe R 9 . B stom me npocTpaHcrae xapaKTepncranecKHH MHoronjieH onepaTopa Ah c 

TOHHOCTbK) flp nOCTOHHHOrO MHCOKHTejIH HMeeT BH/T. 



TpexKpaTHbiit HyjieBoft KopeHb oraenaeT reoMeTpnnecKHM HHTerpajiaM, a ocTaBHiHHCH MHoronjieH 
niecToli CTeneHH, oneBH^HO, He HMeeT Kparabix KopHeii. IlosTOMy Ah HBjraeTCH peryjrapHbiM 
9jieMeHTOM cooraeTCTByioineH no,najire6pbi. yTBepjK^eHHe TeopeMbi cne/ryeT H3 npe,a;nojioJKeHHH o 



§ 2. HeBbipo»c/i,eHHbie oco6eHHOCTH paHra 1 

B cocTaBe MHCOKecraa K, 1 HMeioTCH cjie/ryioinHe ruecTb ceMeftcTB MaaranKOBbix flBHJKeHHH |2| (nep- 
Bbiit HHfleKC cooTBeTCTByeT BepxHeMy 3HaKy): 

£1,2 = {ex = ±aei, (3 = 6(e2cos0 — essinS), u = 9'e±, 29" = — bs'mO}, 
£3,4 = {a = a(ei cos 9 + sin9), f3 = ±6e2, w = 9'e2, 29" = —a sin 9}, 
£5,6 = {a = a(ei cos 9 — e2 sin 9), (3 = ±6(ei sin 9 + e2 cos 9), u = 9'es, 9" = — (a ± b) sin#}. 




fi 3 [fi 2 + eia + e 2 b][2n 2 + eia][2fi 2 + e 2 b}. 



HenpHBOflHMOCTH . 



□ 
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H3 hhx, ecTecTBeHHO, cjie/ryeT hckjuohhtb Heno/XBHJKHbie tohkh ([2]), npHHajjjiejKaiHHe BceM inecTH 
ceMeiicTBaM 11 OTBenaioiHHe neTbipeM 3HaHeHHHM SHeprnn h G H = {±(a ± 6)}. CeMeiicTBaM £j 
OTBenaioT 3HaneHHa nepBbix HHTerpajioB, 3anojiHHroni,ne KpHBbie Xj b cocTaBe ojTHOMepHoro ocTOBa 

6H(pypKaiI,HOHHOH flHarpaMMBI (H3 HHX TaKJKe HCKJHOHeHBI o6pa3BI HenOflBHJKHBIX TOHeK): 

A 1)2 = {g = a 2 h ± ar 2 , k = (h ± 2a) 2 , 6, > =p(a ± 0), ft ^ W}, 
A 3 | 4 = { 5 = 6 2 /i T 6r 2 , A; = (/i±26) 2 , ft > -(a ± 6), ft £ %}, 
-^5,6 = {5 = ±abh, k = (a^fb) 2 , h > -(a ±6), h£ %}. 



OcTaBHiyiocH nacTb MHOJtcecTBa K, 1 cocTaBjiHioT KpHTHHecKHe jtbhjkbhhh cjiynaa BoroHBjieHCKoro 
PQ. Ohh aHajiHTHHecKH opraHH30BaHbi b Tpn ceMeiicTBa nepnoflHHecKHX penieHHit, HH>Ke o6o3HaHae- 
mmx nepe3 £7 — £9 (TonojiorHHecKH sth ceMeiicTBa 3anojiHHioT b V e neTbipe cbh3hbix jiByMepHbix 
MHoroo6pa3H5i) . IlepBoe onncaHHe sthx TpaeKTopHH flaHO b |6|. 3flecb yflo6HO Bocnojib30BaTbca 
napaMeTpH3au,Helt sthx ceMelicTB, yKa3aHHoft b |11J . OHa npeflCTaBjiaeT co6oii ajire6paHHecKHe bbi- 
pajKeHHH Hcxo^Hbix (pa30Bbix nepeMeHHbix nepe3 ojTHy BcnoMoraTejibHyio nepeMeHHyio 9, 3aBiicii- 
MOCTb KOTopoit ot BpeMeHH BbipajKaeTCH CTaHflapTHbiMii 3jijinnTHHecKHMH (pyHKiniHMH, npn TOM, 
hto h nocToaHHbie Bcex HHTerpajioB TaioKe hbho BbipajKeHbi nepe3 opjiy nocTOHHHyio s. IiMeeM 
cnejxyioiiiHe BbipaxceHHa jijih (pa30Bbix nepeMeHHbix: 



a 1 



Ih 



a 3 



1 ririifo. 
r 



0J2 



rir 2 ?/>2 



2s r V 2s 

r\r 2 [r 2 + (n + r 2 ) 2 ] (</>i + ipz) 



4r 2 (ri + r 2 ) 2 s 
ri r 2 \r 2 - (n + r 2 ) 2 ] y/-ipi^ 2 
2r 2 {r\ + r 2 ) 2 s 

, P3 = • 



LU 3 



«2 



2nr 2 



r\ + r 2 V s 
nr 2 [r 2 + (n + r 2 ) 2 ] y/-tpitp 2 
2r 2 {r\ + r 2 ) 2 s 
nr 2 [r 2 - (ri + r 2 ) 2 ] (-0x + ^2) 
4r 2 (ri + r 2 ) 2 s 



3/i,ecb = 9 2 — 2s 1 — -0 — (ri + r 2 ) 2 (j = 1,2) h fljia pa3jiHHHbix ceMeitcTB cjiejxyeT nojiojKHTb 



C 7 :s£ [-6,0), 
£ 8 :sG(0,6], 

£9 : s € [a, +00), 



s 2 > 0, 



s 2 > 0, 



^2 



b 2 -s 2 ^ 0, 



6 2 - s 2 < 0, 



n = ir£, r 2 = ir 2 

^ = a / s 2 - a 2 < r 2 



6 2 ' 



3HaneHHa nepBbix HHTerpajioB Ha 3thx flBHJKeHHHX onpeflejiaioT eni;e oflHy nacTb oflHOMepHoro octo- 
Ba 6H(pypKan,HOHHOH ^narpaMMbi E b BH^e Tpex kphbbix Si Ci 3 (i = 1,2,3), napaMeTpHHecKHe 
ypaBHeHHH KOTopbix nojiyneHbi b [5] 



1 



*1 : <^ 



5 2 : < 



S 3 : < 



h - 2s - -yj(a 2 - s 2 )(b 2 - s 2 ) 
2 2 S 



/ 



y/(a 2 -s 2 )(b 2 -s 2 )(^a 2 -s 2 + \/b 2 - s 2 ) 2 
1 



h = 2s + -V(« 2 ~s 2 ){b 2 -s 2 
s 



yj{a 2 - s 2 ){b 2 - s 2 ){^a 2 - s 2 



Vb 2 - s 2 ) 2 



1 



h = 2s- -V(s 2 -a 2 )(s 2 -b 2 ) 

f = lj( s 2- a *){s 2 -&)(y/s 2 -& - Vs 2 - a 2 ) 2 
s 



s€ [-6,0); 
se (0,6]; 
s G [a, +00). 
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3/i;eci. k = 0, / = y2(p 2 h — 2g) — 3HaneHHe nacTHoro HHTerpajia O. H. BoroaBjieHCKoro [T] 

F = {u\ + ujl)uj z + 2{a^ 1 + ^uj 2 ). (3) 

IlycTi. ho — MHHHMajibHoe 3HaHeHiie SHeprnn Ha KpiiBoft 83. Oho OTBenaeT e/niHCTBeHHOMy Ha 
nojiynpHMoli s > a KopHio sq ypaBHeHHH 



s 4 - a 2 b 2 - 2s 2 -^y^ 23 ^ 2 = 0. 



(4) 



Teopeivia 2. KpumuuecKue mourn pama 1 Heeupowcdenu, 3a ucKJimueHueM CAedymv^ux 3na- 

r h o 3a 2 + b 2 _ , , a 2 + 36 2 

uenuu anepzuu: na L2 h = 2a, ; na L3 h = —2b; na L4 h = 2b, ; na L§ 

2a 2b 

h = ±2y/ab ; na Cg h = Hq. B 3aeucuM0cmu om 3HaueHuu napaMempoe h,s mun HeeupoMcden- 
nux KpumuuecKux moneK e "P 6 onpedejiaemcn U3 ma6A. 1. 



Ta6jiHD;a 1 





06pas b R 3 (h,k,g) 


Thh b -P 6 


Ci 


Ai = An U A12, 

An : ~(a + b) < h < -(a - b), 
A12 : h > -(a - b), 


(1,2,0,0) (n,eHTp-H,eHTp) 


£2 


A2 = A21 U A22 U A23, 

A21 : a — b < h < a + b, 

, , , / 3a 2 + b 2 

A22 : a + b < h < 2a, /i^ , 

2a 

A23 : h > 2a 


A2i,A22 : (1,0,2,0) (cefljio-ce^jio) 
A23 : (1, 1, 1, 0) (ueHTp-ce^jio) 


£3 


A 3 = 
A31 
A32 
A33 


= A31 U A32 U A33, 
-(a + b) <h< -2b, 
-2b < h < a-b, 
h > a — b 


A31 : (1,2,0,0) (ueHTp-ueHTp) 
A32,A 33 : (1,1,1,0) (ueffrp-cefljio) 


u 


A4 — A41 U A42 U A43, 

A41 : -(a - b) < h < 2b, 

A 42 : 2b < h < a + b, 

x u , l u _l « 2 + 36 2 
A 43 : h > a + b, h ^ ^ 


A41 : (1,1,1,0) (ueHTp-ce^jio) 
A42,A43 : (1,0,2,0) (cefljio-ce^jio) 


£5 


A5 = A50 U fljjfe=l Asfc) , 
A51 : -(a + b) < h < -2\Tab 
A 50 , -2\[ab < h < 2\fab 
A52, A53, A54 : h > 2\fab 


A51 : (1,2,0,0) (ueHrp-HeHTp) 
A50 : (1,0,0,1) (cpoxyc-cpoKyc) 
A52,A 5 3,A 5 4 : (1,0,2,0) (cefljio-ce^jio) 




Xq : h > —(a — b) 


(1,1,1,0) (ueHTp-ce/yio) 


£7 


5i : s £ (-6,0) 


(1,2,0,0) (Hemp-Hemp) 


£ 8 


82 : s e (0, b) 


(1,1,1,0) (neHTp-ce/yio) 


£9 


83 = $31 U 5 32 

5 3 i : s £ (a, s ) 
832 '■ s £ (s , +00) 


631 : (1,1,1,0) (ri;eHTp-ce,zi,jio) 
<5 32 : (1,2,0,0) (HeHTp-uenrp) 
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^OKasaTejibCTBO. PaccMOTpHM npoH3BOjibHyio TOHKy xq G Ck- Onpe,n;ejiHM cjie/ryio- 
nnie cpyHKi^HH 

(£ 12 ) 9l = K-2(h± 2a) H, g 2 = G - a 2 H, 
(£ 3 ' 4 ) gi = K-2(h±2b)H, g 2 = G-b 2 H, 
(£5,6) 9i = ±abH -G, g 2 = K, 

(£ 7 , 8i9 ) 9l = 2G - (p 2 - t)H, g 2 = K. 

IIojiojkhm TaioKe 53 = H. IlocKOJibKy Bee HenoflBHJKHbie tohkh HMeioT paHr h yjKe HCKjnoneHbi, to 
dg^(xQ) 7^ 0. Bbi6paHHbie (pyHKii,HH g\, g 2 b tohkb xo HMeioT oco6eHHOCTb: dgi(xo) = ^2(^0) = 0. 
JInHeapH3au,HH BeKTopHbix nojieli sgradg/t (k = 1, 2) b TOHKe x$ ^aioT jiHHeliHbie CHMiuieKTHHe- 
CKHe onepaTopbi A gk : T Xo V & — > T Xo V®. Henocpe,a,CTBeHHO npoBepaeTCH, hto ohh jniHeftHO He3aBH- 



chmm, to ecTb nopojK^aioT no,a,ajire6py b sp( 



pa3MepHOCTH 2. XapaKTepncTHHecKoe ypaBHeHiie 



P^jir onepaTopa A gi HMeeT ^Ba HyjieBbix kophh: ker A gi = T Xo Ck. OcTajibHaa nacTb xapaKrepii- 
CTHHecKoro MHoroHjieHa HMeeT bh^ 



A,2 
£3,4 
£5,6 



[/u 2 + 4(a 2 - b 2 )(h ± 2a)] [fi 2 ± 8a(h ± 2a) 2 } = 0, 
[/j, 2 - 4(a 2 - b 2 )(h ± 2b)} [fi 2 ± 8b(h ± 26) 2 ] = 0, 
4^ 4 T 2abh(a T 6) V ± 6 3 a 3 (a T b) 4 = 0, 



£7,8,9: ^ + UkfJ 2 + v k = = 1,2,3), 
iyje KoacpcpimiieHTbi Uk,Vk onpe^ejiHioTCH no cpopMyjiaM 



U±,2 

m 

v 3 



2_ s 2 



±16y/{a 2 -s 2 )(b 2 -s 2 



r 



a 2 b 2 - s 4 ± 6s 2 v / (a 2 -s 2 )(6 2 -s 2 ) 



± \fb 2 



a 2 b 2 - s 4 ± 2s 2 v / (a 2 -s 2 )(b 2 -s 2 ) 



a 2 b 2 - s 4 + 6sV(s 2 -a 2 )(s 2 - 6 2 ) 



16V(s 2 -a 2 )(s 2 -6 2 )(V* 



Vs 2 



b 2 y a 2 b 2 -s 4 + 2s 2 ^(s 2 -a 2 )(s 2 -b 2 ) 



B Ta6ji. 1 KpHBbie Ai — As,^ pa36nTbi Ha ynacTKH 3HaneHHHMH h G H, a TaKJKe TaKHMH /i, 
npn KOTopbix HapyinaeTCH ycjiOBHe OTcyTCTBHH KpaTHbix KopHeii y cooTBeTCTByiomero xapaKrepn- 
CTHHecKoro MHoroHjieHa. Ha Kaxc^oM H3 TaKiix ynacTKOB Bee KopHH cooTBeTCTByiomero xapaKTepii- 
CTHHecKoro ypaBHeHHH pa3JiHHHbi h pa36nBaioTCH Ha napbi, onpe^ejiHioraHe Tun HeBbipojK^eHHOH 
oco6eHHOCTH. JJjw npniviepa paccMOTpHM KpHByio 63 (s > a). XapaKTepiicTimecKoe ypaBHeHHe b 

TOHKaX £9 OTHOCHTejIbHO fi 2 HMeeT KOpHH 



4) 

II 2 

M(2) 



-8s 



6 2 ( v / s 2 ^ 
= 6*) 2 (a 4 



.s- - b 2 y < 0, 



2 l2 

a b 



2s 2 v 7 ^ 



a 2 V^ 



6 2 ). 



CoraacHO (j3J), nocjiemree BbipaJKemie MeiiaeT 3HaK npn nepexofle nepe3 3HaneHHe sq : // 2 2 ^ > npn 
s G (a, so) h /i 2 2 ^ < npn s > so- B nepBOM cjiynae nojiynaeM oco6eHHocTb r^eHTp-cefljio, bo 

BTOpOM — UeHTp-UeHTp. □ 

Otmcthm, hto corjiacHO Ta6ji. 1 nojiyneHO aHajiHTiinecKoe ,n;oKa3aTejibCTBO cymecTBOBaHHH 
HeBbipoJK,a;eHHOH oco6eHHOCTH cpoKycHoro Tnna Ha nacTH MHOJKecTBa £5, KOTopaa OTo6pa>KaeT- 
ch b A50 (3HaneHHH SHeprnn —2\[~ab < h < 2\fab). B H303HepreTHnecKHX ceneHHHX S(/t) HMeeM 
H30jiiipoBaHHyio TOHKy Ha 6n(pypKaH,HOHHOH flnarpaMMe. 



3. HeBbipo»c/i,eHHbie oco6eHHOCTH paHra 2 



KaK noKa3aHO b [2], MHOJKecTBO /C 2 Bcex kphthhcckhx ToneK paHra 2 ecTb o6T>e,a,HHeHHe Tpex 
KpHTHnecKHx no^cHCTeM Mi = K, Pi J-" _1 (rj) (z = 1,2,3) 3a BbineTOM y»ce Hccjie^oBaHHbix to- 
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neK KP U K} . IloBepxHocTH Fi TaKOBbi: 
Ti = {k = 0}; 

r, 2 , 4 2 {f ~ l)p 2 p 4 + r 4 , 

2 = ^ ~2m~ -P m > k = rm >9= ^ 2 ( 5 ) 

p 2 -r r 2 -2p 2 T + r 4 p 4 -r A 1 2 

F3 = {/l= ^^ +S ' fe = 4^ +T ' 5= ^^ + 2 (P " r)s} - 

3^ecb BejiHHHHbi m,£,s,T , cjiyjKamne napaMeTpaMH Ha noBepxHOCTHX, hbjihiotch npoH3BOjibHbiMH 

nOCTOHHHblMH HaCTHblX HHTerpajIOB COOTBeTCTByKJIUHX no^CHCTeM [2] . 

IlepBaH noflCHCTeivia Ai\ yjKe ynoMHHajiacb Bbiine KaK cjiynaii nacTHoii HHTerpnpyeMOCTH, Hait- 
^eHHbiii O. H. BoroHBjieHCKHM [T]. Otmcthm cpa3y, hto fljifl stoh CHCTeMbi KajK/xbiii peryjiapHbiii 
OTHOCHTejibHO Hee Top T 2 G {x G A^i : H = h, F = /}, r/j;e F — HHTerpaji ([3]), HBjiaeTCH sjuiun- 
muuecKUM no OTHOiueHHio k "P 6 . 9to BbiTeKaeT H3 Toro, hto HHTerpaji X ecTb nojioKHTejibHan 
Bciofly cpyHKii,HH h o6pamaeTca b HOJib Ha Mi. 

TeopeMa 3. Bee npumuuecKue mouKU pama 2 na Mnozoo6pa3uu Mi nejiHiomcn Heeupowcden- 
humu muna (2, 1,0,0) 3a ucKAWuenueM moueK nyjieeozo ypoeun unmezpaAa F. 

floKa3aTejibCTBO. HanoMHHM, hto h& A4\ HeT KpHTHHecKHX ToneK HHTerpajia H [6], 

H OTMeTHM, HTO KpOMe MHOJKfiCTB £7 — £9 Ha Ml HeT TOHeK 3aBHCHMOCTH HHTerpajIOB H H 

G. Ilocjie/j,Hee BbiTeicaeT H3 pe3yjibTaTOB [2j. TaKHM o6pa30M, bth jjBa HHTerpajia peryjiapHbi h 
He3aBHCHMbi Ha Mi n K? . B to jkb BpeMH Bcio/ry Ha Mi HMeeM dK = 0. XapaKrepncTHHecKoe 
ypaBHeHHe onepaTopa Ak b M 9 npn ycjioBHH K = jierxo BbinncbiBaeTCH, HMeeT ceMb HyjieBbix 
KopHeft, a ocTaBHiHHCH coMHOJKHTejib {j? + 4/ 2 HMeeT jjBa pa3JiHHHbix mhhmmx KopHH npn fj^O, 
hto h ,a,OKa3biBaeT TeopeMy. □ 
06pa30M MHOJKecTBa {F = 0} npn OTo6pajKeHHH MOMeHTa b M 3 (/i, k,g) HBJineTCH jiyn 

Ai = {k = 0, 2g = p 2 h, h ^ -2b} . 

B CHJiy TeOpeMbl 3TO MHOJKBCTBO COOTBeTCTByeT HajIHHHK) BbipOJKfleHHblX KpHTHHeCKHX TOHeK. 

Ha MHoroo6pa3HH M 2 , Hali/j;eHHOM b pa6oTe |12| . CHCTeMa ([TJ HMeeT HBHoe ajire6paHHecKoe 
peuieHHe [7]: 



1 

2( Sl ~s 2 ) 



a l = — 7^2 t( S l S 2 ~ a2 )V" + S 1 S 2 f lf2], 



OL2 = 7o[(siS2 - a 2 )ipnp2 - SiS 2 t/)], 

2(s 1 -s 2 y 

02= , 1 , 2 [(^i^-^ + 5i%iy 2 ], (6) 

«3 = Si, fa = S 2 , 

Si - S 2 Si - S 2 

T T 

ui = — At- 2msi)ip 2 , u 2 = — Al-2ms 2 )tpi, 

2{si-s 2 ) 2(si-s 2 ) 
1 

w 3 = {S 2 (pi - Snp 2 ). 

si - s 2 



3/j,ecb o6o3HaHeHO 



i/j = 4m Sl S2 - 2£(si + s 2 ) + —U 2 - 1), vis) = 4ms 2 - Us + — (i 2 - 1), 

m m 



S 



1 = \J s i ~ ° 2 > = \j ~ <p(si), 5*2 = yjb 2 - ~s\, <p 2 = yjv{s 2 ). 



(7) 
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Oco6oe MHOJKecTBO A\ nojiynaeT 3^ecb ypaBHeHHe m = 0. CooTBeTCTByiomaH oco6eHHOCTb b 
Bbipa»ceHHHX j7]) ycTpamiMa, TaK KaK Ha r 2 HMeeTCH oneBHflHoe TOJKflecTBO 

2p 2 m 2 + 2hm + l = i 2 . 

^pyraa, TonojiorHHecKan, oco6eHHOCTb OTMeneHa b [7] h CBioaHa c B03HHKHOBeHiieM flonojiHHTejib- 
Hofi CHMMeTpiiH npH £ = 0, m < 0. B npocTpaHCTBe R 3 (/i, k, g) HMeeM, b cooTBeTCTBHH c ([5]), oco6oe 

MHOJKeCTBO 

A 2 = jfc = ^(2g - p 2 h) 2 , g = ^ W ~ ± r 4 y/h? - 2p\ h > pyfel . 

TeopeMa 4. 3a ucKJiwneHueM moueK, Aeotcav^ux e npoo6pa,3e npueux Ai, A2, ece KpumuuecKue 
mouKu pama 2 na MHozoo6pa3uu A4 2 HeeupootcdeHU. Ortu uMemm mun (2,1,0,0) djin m> u 
(2,0, 1,0) Bah m < 0. 

floKa3aTejibCTBO. HcKjnonaH £, m H3 ypaBHeHHft T2, nojiyHHM ypaBHeHHe stoh noBepx- 
hocth b BH/je (2g — p 2 h) 2 — r 4 k = 0. Ilo3TOMy b xanecTBe e/niHCTBeHHoro HHrerpajia, HMeiomero 
oco6eHHOCTb b KajKflolt TOHKe A4.2 H K? , ya,o6HO B3HTb (pyHKinno: 

$ = (2G - p 2 # ) 2 - r A K. 

XapaKTepncTHHecKoe ypaBHeHHe onepaTopa A§ nocjie Heo6xo/i,HMOH (paKTopH3aHHH no HyjieBOMy 
KopHeBOMy no^npocTpaHCTBy b no^cTaHOBKe hbhbix BbipajKeHHft npHMeT bh,h 

/i 2 + 4r 12 £ 2 m = 0, 

h 3a HCKjHoneHHeM cjiynaeB m = ( Ai ) h £ = ( A2 ) HMeeT flBa pa3jiHHHbix KopHH, hhcto 
mhhmbix npn m > h BemecTBeHHbix npn m < 0. TeopeMa ,a,OKa3aHa. □ 
Ha MHoroo6pa3HH M3, HaitfleHHOM b pa6oTe [2], HBHoe ajire6paHHecKoe penieHHe CHCTeMbi (UJ 
yKa3aHO b [8|. ,H,jih 3a,naHHbix KOHCTaHT s, r BBe,n,eM TaK»ce o6o3HaneHHH 



Us 2 r + a 

a = T<-2p'T + r\ X = \j ^ ■ 
Tor/;a Ha jho6om cobmbcthom ypoBHe HHTerpajioB b nepeceneHHH c M3 HMeeM 

(A - r 2 UiU 2 ){^s 2 T + U X U 2 ) - (t + r 2 )M l N 1 M 2 N 2 V 1 V2 



Oil 

a 2 = 1 



4r 2 sr(?7i + U 2 ) 2 
. {A - rHhU^ViV^ ~ (4s 2 r + U^jr + r 2 )M l N 1 M 2 N 2 

Ar 2 sT{U 1 + U 2 ) 2 
(g + r 2 [/iC/ 2 )yiF 2 - (4s 2 r + Z7iZ7 2 )(t - r^Mi^M^ 
4r 2 sr(C/i + [/ 2 ) 2 ' 
(B + r 2 [/iC/ 2 )(4s 2 r + t/if7 2 ) - (r - r 2 )M 1 AfiM 2 Ar 2 ViV 2 



4r 2 ST([/ 1 + [/ 2 ) 2 ' (g) 

R M X M 2 n R N ± N 2 

«3 = 7= ; , P3 



CJ 2 

w 3 



r-\/2 ui + *t 2 ta/2 U1+U2 

R M 2 N 1 U 1 V 2 + MjAW 2 ^i 
Ars y/~ST u\ — u\ 

i R M 2 Ni U 2 Vi + Mi A^ 2 C/i V 2 
4rs \/st u 2 — u\ 

Ui - U 2 M2N2V1 - M\N 1V2 



AHajiHTHHecKaa KjiaccHcpHKainiH oco6eHHOCTeft o6o6meHHoro cjiynaa KoBajieBCKoit 



27 



MATEMATHKA 2010. Bun. 2 

3flecb o6o3HaHeHo 



Ux = Jul-a, U 2 = Ju 2 -a, V x = J4s 2 x 2 ~ «? , V 2 = JAs 2 X 2 ~ u\ 



Mi = Ju\ + r + r 2 , M 2 = Ju 2 + r + r 2 , 



Ni = Jui + r - r 2 , N 2 = \ u 2 + t - r 2 



R= yJ Ul u 2 + a 2 + UiU 2 , 

A = [{ui +t + r 2 )(u 2 + r + r 2 ) - 2(p 2 + r 2 )r 2 ]r, 
B = [(ui + r - r 2 )(u 2 + r - r 2 ) + 2(p 2 - r 2 )r 2 ]r. 

3aMeTHM, hto nepeceneHHe MHOJKecTB Aj h bo3mojkho TOJibKo b TOHKax kphbbix <5i — #3, 
KOToptiM OTBenaioT KpHTHHecKHe tohkh paHra 1. 06pa3 A 2 Ha T3 3a^aeTCH ypaBHeHHeM r = 0. 
IIpeflejibHaa cpoptiia cooTBeTCTByiomiix BBip a JKeHHH fljiH (pa30Bbix nepeMeHHbix yKa3aHa b [8]. Teo- 
MeTpHHecKH Ax h A 2 hbjihiotch jihhhhmh KacaHHH, cooTBeTCTBeHHO, Ti c T 2 ii T 2 c T3. Cnepy- 
eT oJKH/i,aTb, hto pe6po B03BpaTa, HMeiomeecH Ha noBepxHOCTH T3 h 3a/i,aHHoe napaMeTpHHecKHMH 
ypaBHeHHSMH 

f, 3s 4 + a 2 6 2 , 3s 2 2 3a 2 6 2 a 4 6 4 s 4 + 3a 2 6 2 



2s 3 ' 4 " 2s 2 ' 4s 6 ' a 2s 

TaKJKe 6ya,eT OTBenaTb BbipoJKfleHHbiM TOHKaM. 

TeopeMa 5. 3a uckawhghu&m mouen, Aewcamux e npoo6pa3e Kpueux A 2 , A3, ece KpumuuecKue 
mouKu pama 2 na MHozoo6pa3uu .M3 Heeupootcdenu. Ohu uMetom mun (2, 1,0,0), ecAu 3HaueHue 
ts[s 4 — (a 2 + b 2 — t)s 2 + a 2 b 2 ] ompui^ameAbHO, u (2, 0, 1, 0), ecAU oho noAoofcumeAbHO. 

^OKasaTejibCTBO. B ^amioM cjiynae b KanecTBe HHTerpajia, HMeiomero oco6eHHOCTb Ha 
Ais, aHajiorHHHO TOMy, k&k sto c^ejiaHO Ha Ai 2 , mojkho B3HTb cpyHKiniio, nojiyneHHyio HCKjiic-He- 
HHeM s,t H3 ypaBHeHHH noBepxHOCTH IV OflHaKO pe3yjibTaT nojiynaeTCH cjihhikom rpoM03flKHM, 
h TaKoft noflXOfl Hepainic-HajieH. 3,a,ecb yzjo6HO paccMOTpeTb cpyHKHHio c Heonpe/iejieHHbiMH mhojkh- 
TejiHMH JIarpaHJKa, KOTopaa BBe/jeHa b [2J /yia BbiBOfla ypaBHeHHH KpHTHHecKHX noflCHCTeM, 

¥ = 2G - (p 2 - t)H + sK. 

Ilpn BbiHHCJieHHH xapaKTepncTHHecKoro MHoroHjieHa onepaTopa CHHTaeM s,t KOHCTaHTaMH, a 
3aTeM no^cTaBjiHeM b HaftfleHHoe Bbipa»ceHHe 3HaneHHH ([8]). IIojiyHHM 



2t 



rA „4 



4 / 2 \ 2 1 P r 
S - (p -T)S + 



0. 



4 

KpaTHbiii KopeHb (HyjieBoii) HMeeTCH jih6o npn r = , hto cooTBeTCTByeT MHOJKecTBy A 2 , jih6o 
npn 

2 s 4 + a 2 b 2 
r = p , 

HTO npH nOflCTaHOBKe B ypaBHeHHH © flJIH T3 npHBO,II,HT K KpHBOH A3. IIpH OTCyTCTBHH KpaTHCTO 
KOpHH THn TOHKH Onpe^ejIHeTCH 3HaKOM BejIHHHHbl fi 2 . □ 

TaKHM o6pa30M, BbinojiHeHa nojiHaa KjiaccncpHKai^HH oco6bix ToneK OTo6pa»ceHHH MOMeHTa 
HenpHBOflHMoli HHTerpHpyeMoii raMHjibroHOBoii CHCTeMbi c TpeMH CTeneHHMH CBo6o,nbi — sa^ann 
o ,n,BHJKeHHH BOJiHKa THna KoBajieBCKoii b abohhom chjiobom nojie, HHTerpnpyeMOCTb KOTopoii ycTa- 
HOBjieHa AT. PeliMaHOM h M.A. CeivieHOBbiM-THH-IIIaHCKHM. IIpeflb.HBjieHbi HBHbie cpopMyjibi xa- 
paKTepncTHHecKHX ypaBHeHHH ,h,jih co6cTBeHHbix HHceji coc-TBeTCTByioiHHX CHMnjieKTHHecKHX one- 
paTopoB, KOTopbie h onpe,a,ejiHioT THn HeBbipojKfleHHOH oco6eHHOCTH. Cjie,nyioiHHM 3TanoM HBjiaeTca 
nojiHoe onncaHHe TpexMepHoft TonojiorHH cjioeHHH JlnyBHjijiH paccMaTpHBaeMoti CHCTeMbi. 
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Analytic classification of singularities in the generalized Kowalevski case 

In the problem of motion of the Kowalevski top on two constant fields (the A. G. Reyman-M. A. Semenov- 
Tian-Shansky case) the type of all critical points of the momentum map is calculated. 
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